Economic indicators time series are usually complex with high frequency data. The traditional time series methodology requires at least a preliminary transformation of the data to get stationarity. On the other hand, the Robust Bayesian Dynamic Model (RBDM) does not assume a regular pattern and stability of the underlying system but can include points of statement breaks. In this paper, we estimate the Consumer Price Index and the Economic Activity Index of Puerto Rico using a RBDM with observational and states variances to model the outliers and structural breaks in the time series. The results show the model detects structural changes in both series, some of them just before the beginning of a recession period in Puerto Rico's economy.
Introduction
In this paper we present a Robust Bayesian Dynamic Model (RBDM) to model the outliers and structural breaks of a time series. This model permits to take into account not only the outliers and structural breaks of the historical series, but also allow us to do posterior inference using a Bayesian approach. A linear trend model, also called linear growth model, with robust priors for the distributions of the state and observational precisions errors was fitted to the historical series of two economic indexes widely used to describe the economic situation of a country: the Consumer Price Index (CPI) and the Economic Activity Index (EAI). The former measures inflation through the fluctuations of prices, and the latter measures the real economic activity.
In Puerto Rico, the CPI is produced and published by the Department of Labor and Human Resources (DTRH) and the EAI is produced and published by the Government Development Bank (GDB). The CPI represents the average monthly change in prices of the items and services that urban families usually buy, and it is used to study the behavior of inflation. The CPI began The Economic Activity Index (EAI) of the Government Development Bank, on the other hand, is a monthly index that includes the behavior of four economic indicators: total of salaried employment (thousands), sale of cement (million bags), fuel consumption (millions of gallons) and electricity generation (million KWH). Until March 2012, one of the indicators was electrical energy consumption, but it was replaced since then by electricity generation. The Government Development Bank for Puerto Rico (2012) attributed this change to "the electricity generation data is obtained in a timelier manner, is more reliable because they have fewer revisions, and there is a slightly higher correlation with the Gross National Product (GNP) of Puerto Rico".
The Government Development Bank for Puerto Rico (2012) reported that the correlation of this new index with the GNP is 0.97, which means that they are highly correlated.
We consider the monthly series of the CPI from January 1980 to December 2012; the monthly data for the AEI goes from January 1980 to December 2011. The CPI and the AEI have had different abrupt changes in the last years. Therefore, it is interesting to have a model that allows the detection of these changes in both indexes. As the CPI and AEI are two important measures of the economy, we will also investigate the relationship between the changes the two series have had in Puerto Rico.
The paper is organized as follows. Section 2 shows the RBMD prior variances specification for the RBDM. Section 3 presents the RBDM to modeling the CPI and the AEI. Finally we have the conclusions and remarks in Section 4.
Model Specification and modelling outliers and structural breaks
A univariate Dynamic Linear Model (DLM) is specified (see West & Harrison (1997) ) by the set of equations:
where t = 1 : T . The specification is given by the prior distribution for the initial state θ 0 . This is assumed to be normally distributed with mean m 0 and variance C 0 . y t and θ t are m and n-dimensional random vectors and F t , G t , V t and W t are real matrices of the appropriate dimension. y t is the value of an univariate time series at time t, while θ t is an unobservable state vector. On the other hand, the scaled Beta2 prior for the precision λ = 1/τ 2 is the following:
where small values of β are considered in order to have heavy tails priors for robust inference.
This paper consider the Student-t density coupled with the scaled Beta2 (see Appendix B) for modelling the observational and states variances in RBDM (see Fúquene, Pérez & Pericchi (2013) ). Therefore let θ ∼ Student-t(µ, τ, υ) where υ are the degrees of freedom, µ the location and τ the scale of the Student-t density:
where
with 2F 1(a, b, c, z) the hypergeometric function (see 15.1.1 of Abramowitz & Stegun (1970)) and we have that π(θ) is the Student-t-Beta(υ,p,q,β) (see Fúquene et al. (2013) for the proof of this result). For example if υ = p = q = 1 we have the Student-t-Beta2(1,1,1,β)) such as:
We can see in Figures 1 and 2 the student-t-Beta(1,1,1,β) prior has heavier tails than the Cauchy prior. That means these priors can detect outliers even far from to these obtained with student priors. Also, using these priors a simple Gibbs sampler can be used because all full conditional densities in the gamma hierarchical parameters have gamma distributions. In order to model the CPI we use the Student-t-Beta(υ,q,p, 1 β ) (using the Beta2 prior for the precision λ = 1/τ 2 ). W t,i denotes the ith diagonal element of W t,i , i = 1, ..., n the hierarchical Student-t-Beta(υ,q,p, 1 β ) prior can be summarized such as: (2010)). A Gibbs sampler is implemented using the posterior distribution of parameter and states of the model specified above.
We have the annual Consumer Price Index in Puerto Rico on a log-scale in Figure 3 . The natural choice for modelling the logarithm of the CPI using a DLM is a local linear trend model or also called linear growth model which fit the trend and slope of the CPI logarithm.
The linear growth model is the following:
with uncorrelated errors ν t , ω t,1 and ω t,2 . This is a DLM with:
The Robust Bayesian Dynamic model for the CPI
In this section we implement the proposed model. First a motivating example is showed where the proposed model is illustrate using the annual logarithm of the CPI. Next we apply our approach to the CPI and AEI monthly indexes.
A Robust Bayesian Dynamic model for the annual logarithm of the CPI
We implement the proposed model for modelling the annual logarithm of the CPI. We use a Student-t with four degrees of freedom and a non-informative Gamma for modelling the outliers 
Bayesian Dynamic Robust Model for the CPI and EAI monthly indexes
The motivating example of the previous section shows how the proposed model works. However, the most interesting case is when the model is fitted to the monthly series of the two indexes studied. Since the CPI and AEI indexes could be related, we apply the proposed model to both series, in order to have a broader analysis of the changes during the period studied.
The EAI is one of the indicators used to detect a recession period in the economy, since it is highly correlated to the Gross National Product (GDP). When the GDP decreases for more than six months consecutively, the economy could be going through a recession period. In Puerto The trend has different jumps, the most dramatic one in September 2005 with E(ω θ,t 1 |y 1:T ) = In conclusion, the RBD models fitted to the series of the Economic Activity Index and the Consumer Price Index of Puerto Rico, during the period 1980 -2012, detect abrupt changes in both series that may be tied to the beginning of a recession period in the economy.
A Details for the Markov Chain Monte Carlo algorithm
This appendix presents the MCMC scheme we use in the paper.
• FFBS algorithm for the states.
In order to obtain posterior inference on the state parameters θ t in the model (5) 
-The one step predictive distribution of θ t given y 1:t−1 is Gaussian (θ t |D t−1 ) ∼ N (a t , R t ) with parameters:
a t = G t m t−1 ; R t = G t C t−1 G t .
B Scaled Beta 2 density A Beta2 random variable is equal in distribution to the ratio of two gamma-distributed random variables having shape parameters p and q and common scale parameter β:
ρ ∼ Gamma(q, 1)
where Gamma(a, b) denotes the Gamma distribution:
with β the scale parameter. The scaled Beta2 prior can be defined such as: 
